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ON THE PROBLEM OF NON BERWALDIAN LANDSBERG SPACES
S. G. ELGENDI
Abstract. In this paper, we study the long existence problem of non Berwaldian Landsberg
spaces using the conformal transformation point of view. Under conformal transformation, the
Berwald and Landesberg tensors are calculated in terms of the T-tensor. By giving examples, we
show that under conformal transformation, there are Landsberg spaces with non-vanishing T-
tensor. A necessary condition for a Landsberg space to be Berwaldian is given. Various special
cases are studied. Cases in which the Landsberg spaces can not be Berwaldian are shown.
Examples of non-Berwaldian landsberg (singular) spaces are given.
1. Introduction
A Finsler space is a smooth manifold M such that each tangent space TxM is equipped with
a Minkowski norm. In the case that each of the Minkowski norms is a scalar product on the
corresponding tangent space TxM , then M is a Riemannian manifold. If the slit tangent spaces
TxM\{0} are endowed with homogeneous Riemannian metric which are all isometric, M is a
Landsberg space; if such isometries are linear, then M is a Berwald space. The regular Landsberg
spaces are the most elusive. Around 1907 G. Landsberg [7, 6, 8] introduced the Landsberg spaces
in a non-Finsler frame work. Every Berwald space is a Landsberg space. Whether there are
Landsberg spaces which are not of Berwald type is a long-standing question in Finsler geometry,
which is still open. Despite the intense effort by many Finsler geometers, it is not known an
example of a regular non Berwaldian Landsberg space.
In [2], Asanov obtained examples of non-Berwaldian Landsberg spaces, of dimension at least 3.
In Asanov’s examples the Finsler functions are not defined for all values of the fibre coordinates
yi (y-local). Whether or not there are y-global non-Berwaldian Landsberg spaces remains an
open question. Shen [15] studied the class of (α, β) metrics of Landsberg type, of which Asanov’s
examples are particular cases; he found [3, 15] that there are y-local non-Berwaldian Landsberg
spaces with (α, β) metrics, there are no y-global ones. Bao [4] tried to construct non-Berwaldian
Landsberg spaces by successive approximation; but this method so far could not solve the problem.
The elusiveness of y-global non-Berwaldian Landsberg spaces leads Bao to describe them as the
unicorns of Finsler geometry.
In this paper, we are studying the long-standing question whether or not there are Landsberg
spaces which are not of Berwald type from the conformal transformation point of view.
For a Finsler manifold (M,F ), the conformal transformation of F is defined by
F = eσ(x)F,
where σ(x) is a function on the manifold M . Under conformal transformation, we calculate the
Berwald and Landsberg tensors in terms of T-tensor.
Hashiguchi [5], showed that a Landsberg space remains Landsberg by any conformal change if
and only if the T-tensor vanishes identically. However, we show that there are Landsberg spaces
(with non vanishing T-tensor) remain Landsberg under conformal transformation. Matsumoto
[12] obtained that a Berwald space (M,F ) remains Berwald by any conformal transformation if
and only if Birjkh :=
∂3(F 2gir)
∂yj∂yk∂yh
= 0 (F 2gir are quadratic in yi). However, we show that there are
Berwald spaces (with non vanishing Birjkh) remain Berwald under conformal transformation.
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Starting by Berwald space (M,F ), if the transformed space (M,F ) is Landsberg, then a nec-
essary condition for (M,F ) to be Berwald is given. This condition depends on geometric objects
of the original space (M,F ); like, the T-tensor Thijk, the vertical curvature S
h
i jk of Cartan con-
nection, the Cartan tensor Cijk and the function σ(x). Some special cases are considered; for
example, when (M,F ) is S3-like or has vanishing T-tensor and vanishing vertical curvature of
Cartan connection.
The condition for a Berwald space to transform to Landsberg space is σrT
r
jkh = 0. We study
some special Finsler spaces if they can admit a function σ(x) such that σrT
r
jkh = 0. For example,
a positive definite C-reducible Finsler space does not admit a function σ(x) such that σrT
r
jkh = 0.
Hence, a regular Randers space does not admit a function σ(x) such that σrT
r
jkh = 0.
We investigate a case in which a Landsberg space can not be Berwaldian. Namely, under the
conformal transformation, a C2-like Berwald space with vanishing T-tensor transforms to non
Berwaldian Landsberg space. Finally, various examples are studied. Examples of non Berwadian
Landsberg (singular) spaces are shown.
2. conformal transformation
Let M be an n-dimensional smooth manifold. Let (xi) be the coordinates of any point of the
base manifold M and (yi) a supporting element at the same point. We mean by TxM the tangent
space at x ∈ M and by TM =
x ∈ M
⋃
TxM the tangent bundle of M . A Finsler structure on M is
defined as follows:
Definition 2.1. A Finsler structure on a manifold M is a function
F : TM → R
with the following properties:
(a): F > 0 and F (x, y) = 0 if and only if y = 0.
(b): F is C∞ on the slit tangent bundle TM := TM\{0}.
(c): F (x, y) is positively homogenous of degree one in y: F (x, λy) = λF (x, y) for all y ∈ TM and
λ > 0.
(d): The matrix gij(x, y) :=
1
2 ∂˙i∂˙jF
2 is positive-definite at each point of TM , where ∂˙i is the
partial differentiation with respect to yi.
The pair (M,F ) is called a Finsler space and the tensor g = gij(x, y)dx
i⊗ dxj is called the Finsler
metric tensor of the Finsler space (M,F ).
In this paper we consider the conformal transformation of a Finsler structure F , namely,
(2.1) F = eσ(x)F,
where σ(x) is smooth function on M .
It should be noted that all geometric objects associated with the transformed space (M,F ) will
be elaborated by barred symbols. For example, the metric tensor of (M,F ) is denoted by gij . And
the geometric objects associated with the space (M,F ) will be elaborated by nothing.
Lemma 2.2. Under the conformal transformation (2.1), we have the following
(a): ℓi = e
σℓi,
(b): gij = e
2σgij,
(c): gij = e−2σgij ,
where ℓi := ∂˙iF is the normalized supporting element and g
ij is the inverse metric tensor.
The Cartan tensor Cijk is defined by Cijk :=
1
2 ∂˙kgij and C
h
ij := Cijkg
kh. The following lemma
shows the partial differentiations of Chij and other tensors obtained from the Cartan tensor with
respect to yh.
Lemma 2.3. The following identities are useful for subsequent use:
(a): ∂˙hC
ir
j = C
ir
jh − 2C
r
sjC
is
h − 2C
i
sjC
rs
h ,
(b): ∂˙hC
r
sj = C
r
sjh − 2CℓsjC
rℓ
h ,
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(c): ∂˙hC
ir
jk = C
ir
jkh − 2C
r
sjkC
is
h − 2C
i
sjkC
rs
h ,
(d): ∂˙hC
r
ijk = C
r
ijkh − 2C
rs
h Cijkh,
where, Cijkh = ∂˙hCijk, Cℓijkh = ∂˙hCℓijk , C
r
ijk = Cℓijkg
ℓr, and so on.
For a Finsler metric F = F (x, y) on a manifoldM , the spray S = yi ∂
∂xi
−2Gi ∂
∂yi
is a vector field
on TM , where the functions Gi = Gi(x, y) are homogeneous of degree 2 in y and called geodesic
coefficients. Gi are defined by
Gi =
1
4
gih(yr∂r∂˙hF
2 − ∂hF
2),
where ∂i is the partial differentiation with respect to x
i. The non linear connection Gij and the
coefficients of Berwald connection Gijk are defined, respectively, by
Gij = ∂˙jG
i, Gijk = ∂˙kG
i
j .
By [5], one can obtain the following lemma which shows the transformations of Gi, Gij and G
i
jk.
Lemma 2.4. Under the conformal transformation (2.1), we have the following
(a): G
i
= Gi +Bi,
(b): G
i
j = G
i
j +B
i
j ,
(c): G
i
jk = G
i
jk +B
i
jk,
where,
Bi = σ0y
i −
1
2
L2σi, σ0 := σiy
i,
Bij = σjy
i + σ0δ
i
j − Fσ
iℓj + F
2σrC
ir
j ,
Bijk = σjδ
i
k + σkδ
i
j − σ
igjk + 2FσrC
ir
k ℓj + 2FσrC
ir
j ℓk + F
2σr(C
ir
jk − 2C
r
sjC
is
k − 2C
i
sjC
rs
k ).
The T-tensor plays an important role in Finsler geometry. For example it was proved by Szabo
Zoltan [16] that a positive definite Finsler metric with vanishing T-tensor is Riemannian. Also,
Hashiguchi [5], showed that a Landsberg space remains Landsberg by any conformal change if and
only if the T-tensor vanishes identically. In this paper we show that the (strong) relation between
the long-existence problem of non Berwaldian Landsberg spaces and the T-tensor. The T-tensor
is defined by [10]
(2.2) Trijk = FCrijk − F (CsijC
s
rk + CsjrC
s
ik + CsirC
s
jk) + Crijℓk + Crikℓj + Crjkℓi + Cijkℓr.
The T-tensor is totally symmetric in all of its indices. Let us write
(2.3) Tij := Tijhkg
hk = FCi|j + ℓiCj + ℓjCi, T := Tijg
ij .
Lemma 2.5. The tensor Cirjkh can be rewritten in following form
Cirjkh =
1
F
∂˙hT
ri
jk +
2
F
(T rsjkC
is
h + T
i
sjkC
sr
h )−
1
F
(Crij ℓkh + C
ri
k ℓjh + C
r
jkℓ
i
h + C
i
jkℓ
r
h)
+
1
F
(CisjC
r
ℓk + C
r
sjC
i
ℓk + C
ri
s Cℓjk)ℓh − 2(C
i
sjC
r
ℓkC
sℓ
h + C
r
sjC
i
ℓkC
sℓ
h + C
ri
s CℓjkC
sℓ
h )
+ CisjhC
sr
k + C
i
sjC
sr
kh + C
r
sjhC
si
k + C
r
sjC
si
kh + C
ir
shC
s
jk + C
ri
s Cjkh
−
1
F
(Cirjhℓk + C
ir
khℓj + C
ir
jkℓh + C
r
jkhℓ
i + Cijkhℓ
r).
Proof. Differentiating (2.2) with respect to yh and then raising the indecies i and r, then using
Lemma 2.3 we get the required formula for Cirjkh. 
For a Berwald manifold (M,F ), all tangent spaces TxM with the induced Minkowski norm Fx
are linearly isometric. There are lots of characterizations of Berwald spaces. To give one of these
characterizations, the Berwald tensor Gijkh is defined by
(2.4) Gijkh = ∂˙hG
i
jk.
Definition 2.6. A Finsler manifold (M,F ) is said to be Berwaldian if the Berwald tensor Ghijk
vanishes identically.
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It is known that on a Landsberg manifold M , all tangent spaces TxM with the induced Rie-
mannian metric gx = gij(x, y)dy
i ⊗ dyj are isometric. To show one of the characterizations of
Landsberg space, the Landsberg tensor Ljkh is defined by
(2.5) Ljkh = −
1
2
FℓiG
i
jkh.
Definition 2.7. A Finsler manifold (M,F ) is called Landsbergian if the Landsberg tensor Lijk
vanishes identically.
Straightforward but long calculations and using Lemmas 2.3, 2.4 and 2.5, we have the following
proposition.
Proposition 2.8. Under the conformal transformation (2.1), the Berwald tensor (2.4) transforms
as follows
G
i
jkh = G
i
jkh +B
i
jkh,
where
Bijkh =F
2σrC
ir
jkh + 2σr(C
ir
j gkh + C
ir
h gjk + C
ir
k gjh) + 2Fσr(C
ir
jkℓh + C
ir
hjℓk + C
ir
khℓj)
− 4Fσr((C
r
sjC
si
k + C
i
sjC
sr
k )ℓh + (C
r
sjC
si
h + C
i
sjC
sr
h )ℓk + (C
r
skC
si
h + C
i
skC
sr
h )ℓj)
− 2F 2σr((C
r
sjkC
si
h + C
i
sjkC
sr
h ) + (C
r
sjhC
si
k + C
i
sjhC
sr
k ) + (C
r
skhC
si
j + C
i
skhC
sr
j ))
+ 4F 2σr((CstjC
ti
k + CstkC
ti
j )C
sr
h + (CstjC
it
h + CsthC
it
j )C
sr
k + (CstkC
it
h + CsthC
it
k )C
sr
j )
In terms of T-tensor, the Berwald tensor is given by
Bijkh =Fσr ∂˙hT
ri
jk − σr(T
ri
jhℓk + T
ri
khℓj − T
ri
jkℓh − T
r
jkhℓ
i − T ijkhℓ
r)
− Fσr(T
i
sjhC
sr
k + T
r
skhC
si
j + T
r
sjhC
si
k + T
i
skhC
sr
j − T
ri
shC
s
jk − T
s
jkhC
ri
s )
+ σr(C
ri
j hkh + C
ri
k hjh + 2C
ir
h hjk − C
r
jkh
i
h − C
i
jkh
r
h − 2Cjkhh
ir)(2.6)
+ F 2σr[C
t
hjS
ir
t k + C
t
hkS
ri
t j − C
ti
h S
r
tjk − C
tr
h S
i
tkj − C
ti
j S
r
thk − C
tr
k S
i
thj ],
where S hi jk = C
r
ikC
h
rj − C
r
ijC
h
rk is the v-curvature of Cartan connection.
Corollary 2.9. Under the conformal transformation (2.1), the Landsberg tensor (2.5) is given by
Ljkh = e
σLjkh + e
2σFσrT
r
jkh.
3. Necessary condition
Making use of Corollary 2.9, one can see easily that under the conformal transformation (2.1),
Landsberg space remains Landsberg if and only if
σrT
r
jkh = 0.
Hashiguchi [5], showed that a Landsberg space remains Landsberg by any conformal change
if and only if the T-tensor vanishes identically. However, there are Landsberg spaces (with non
vanishing T-tensor) remain Landsberg under conformal transformation. This can be shown by the
following example:
Example 1. M = R3. Let F = σ(x2)F and F defined by
F (x, y) =
((
y1y3 + y3
√
(y1)2 + (y3)2
)
(y2)2
) 1
4
.
In this example, for the space (M,F ), we have σrT
r
ijk = σ2T
2
ijk = 0 but, generally, T
h
ijk 6= 0 for
example, T 1111 6= 0.
Actually, when a Landsberg space remains Landsberg, under any conformal transformation,
then according to Hashiguchi’s result the T-tensor vanishes. But using the result of Szabo Zoltan
[16], the space will be Riemannian. So Hashiguchi’s result in this form gives no hope to find regular
Landeberg space under the conformal transformation point of view. But what will be more benefi-
cial is to consider the case when some conformal transformations of Landsberg space preserve the
Landsberg property. It is worthy to pay attention to the conformal transformation of Landsberg
space which can produce a regular Landsberg space which is not Berwald. Now, the long existing
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problem of regular Landsbergian non Berwaldian spaces is (strongly) related to the question:
Is there any regular Finsler space admitting a function σ(x) such that σrT
r
ijk = 0?
It is easy to observe that a Berwald space remains to be Berwald if and only if the functions
F 2gir are quadratic in yi; that is, the tensor
Birjkh := ∂˙j ∂˙k∂˙h(F
2gir)
vanishes identically. It should be noted that Asanov and Kirnasov [1] have calculated the tensor
Birjkh which is related to the tensor B
i
jkh by
Bijkh = −
1
2
Birjkhσr.
Also, Matsumoto [12] (Page 786, Corollary 4.1.2.1) obtained that a Berwald space (M,F ) re-
mains Berwald by any conformal change if and only if Birjkh = 0 (F
2gir are quadratic in yi).
However, there are Berwald spaces (with non vanishing Birjkh) remain Berwld under conformal
transformation. This can be shown by the following example:
Example 2. M = R4. Let F = σ(x1, x3)F and F defined by
F (x, y) =
(√
y1y2y3y4
(
y2 + y4
)) 14
.
In this example, for the space (M,F ), we have σrT
r
ijk = σ1T
1
ijk = σ3T
3
ijk = 0 but, generally,
T hijk 6= 0 for example,
T 4444 =
3y1(y2)3y3y4(3y2 + y4)
F 3
√
y1y2(3(y2)2 + 2y2y4 + 2(y4)2)2
.
Also, we have Bijkh = 0, σrB
ir
jkh = σ1B
i1
jkh = σ3B
i3
jkh = 0, but generally B
ir
jkh 6= 0, for example
B44444 =
768y2(y4)3
(
(y2)3 + (y2)2y4 − 3y2(y4)2 − 2(y4)3
)
(3(y2)2 + 2y2y4 + 2(y4)2)
4
Remark 3.1. Throughout, most of the calculations of the examples are done by using Maple
program and the Finsler package [18]. For the simplicity reasons, most of the examples in this
paper are not necessarily regular Finsler spaces but at least non Riemannian.
Starting by a Berwald space (M,F ) admitting a non constant function σ(x) such that σrT
r
ijk = 0.
Under the conformal transformation F = eσ(x)F , the space (M,F ) is Landsberg. But in order to
be Berwaldian it has to satisfy some necessary conditions. In what follow, we will try to figure out
what kind of conditions the space should satisfy.
Theorem 3.2. Let (M,F ) be a Berwald space admitting a non constant function σ(x) such that
σrT
r
ijk = 0. Under the conformal transformation (2.1), a necessary condition for the Landsberg
space (M,F ) to be Berwaldian is
(3.1) ((n− 2)Cr + F 2CuS ru − FTuvC
uvr − T ℓr)σr = 0,
where Sik := Sijkℓg
jℓ = Sjiℓkg
jℓ is the Ricci tensor of the vertical curvature.
Proof. Let (M,F ) be a Berwald space, then the Berwald tensorGijkh vanishes and so the Landsberg
tensor Ljkh is. Now, contracting (2.6) by g
kh, we have
0 =− σrT
i
j ℓ
r − Fσr(T
i
sjhC
srh + T isC
sr
j − T
s
j C
ri
s ) + σr(n− 2)C
ir
j
+ F 2σr[C
tu
j S
ir
t u + C
tS rit j − C
tiuS rtju − C
turS ituj − C
ti
j S
r
t − C
turS ituj ]
Contracting the above equation by gij , using the facts that ChijSijkℓ = 0 and S
i
tui = 0 (this
because Sijkh is antisymmetric in the first two indices and the last two indices), we have
0 = −σrT ℓ
r − FσrTshC
srh + σr(n− 2)C
r + F 2σrC
tS rt .
This ends the proof. 
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Definition 3.3. A Finsler space (M,F ) is said to be S3-like if the vertical curvature of Cartan
connection can be written in the form
(3.2) Sijkh = ρ(hikhjh − hihhjk),
where ρ := S(n−1)(n−2) , S = Sijkhg
jhgik is the vertical scalar curvature.
Using Equation (3.2) and Theorem 3.2, we have the following corollary.
Corollary 3.4. Let (M,F ) be an S3-like Berwald space admitting a non constant function σ(x)
such that σrT
r
ijk = 0. Under the conformal transformation (2.1), a necessary condition for the
Landsberg space (M,F ) to be Berwaldian is
(3.3) ((n− 2)(1 + F 2ρ)Cr − FTshC
srh − T ℓr)σr = 0.
A direct consequence of Theorem 3.2, we have the following result.
Theorem 3.5. Let (M,F ) be a Berwald space with vanishing T-tenor and vanishing v-curvature.
If the Landsberg space (M,F ) is Berwald, then either n = 2 or σrC
r = 0.
4. The condition σrT
r
ijk = 0
By the above section, we showed that a Berwald space transforms to Landsberg if the T-tensor
vanishes or σrT
r
jkh = 0. In this section, we focus our attention to the condition σrT
r
jkh = 0. It
should be noted that the advantages of the condition σrT
r
jkh = 0 can be seen in the following
manner; it can be satisfied in regular Finsler spaces and it is, clearly, a weaker condition than the
vanishing of the T-tensor.
Theorem 4.1. A positive definite C-reducible Finsler space does not admit a function σ(x) such
that σrT
r
jkh = 0.
Proof. Let (M,F ) is C-reducible, then T-tensor is given by
Thijk =
T
(n2 − 1)
(hhihjk + hijhhk + hjhhik).
Contracting the above equation by σh, we have
T
(n2 − 1)
σh(hhihjk + hijhhk + hjhhik) = 0.
Again, by contraction by gjk, we get
σh
T
(n2 − 1)
((n− 1)hhi + 2hih) = 0.
Since the metric is positive definite, then T 6= 0 and hence
σhhhi = 0,
which gives σi −
σ0
F
ℓi = 0. By differentiation with respect to y
j, we get σ0
F 2
ℓij = 0 which is a
contradiction. In other words, σi can not be proportional to the supporting element y
i. 
Since the metrics of Randers type are C-reducible, we have the following corollary.
Corollary 4.2. A regular Rander space does not admit a function σ(x) such that σrT
r
jkh = 0.
Proposition 4.3. Let (M,F ) be a non Riemannian space admitting a function σ(x) such that
σrT
r
jkh = 0. If σrC
r
jk = 0, then σ is constant.
Proof. Let (M,L) be a non Riemannain space admitting σ(x) such that σrT
r
jkh = 0 and σrC
r
jk = 0.
Since σ satisfies σrC
r
jk = 0, then σ
r is a function of x only; ∂˙jσ
r = −2σhC
hr
j = 0. Now, contracting
(2.2) by σr then we have
F 2σrCrijk + σ0Cijk = 0,
which can be written in the form
F 2σr∂˙kCrij + σ0Cijk = 0.
By making use of the fact that σr(x) is a function of the position only, then we get σ0Cijk = 0.
Since the space is not Riemannian, then σ0 = 0 which yields σ0 = 0 and hence ∂˙jσ0 = σj = 0.
Consequently, σ is constant. 
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Definition 4.4. A Finsler space (M,L) of dimension n ≥ 2 is said to be C2-like if the Cartan
tensor Cijk satisfies
(4.1) Cijk =
1
C2
CiCjCk,
where Ck := Cijkg
ij and C2 := CiC
i.
The following theorem gives a case in which a Landsberg space can not be Berwaldian.
Theorem 4.5. Under the conformal transformation (2.1), a C2-like Berwald space admitting a
non constant function σ(x) such that
σrT
r
ijk = 0, F
2TuvC
uvrσr + Tσ0 = 0
transforms to non Berwaldian Landsberg space.
Proof. Since σrT
r
ijk = 0, then the space (M,F ) is Landsberg. For a C2-like space the v-curvature
vanishes and hence by using Theorem 3.2 and the condition (FTuvC
uvr + T ℓr)σr = 0, we get
Crσr = 0.
But making use of (4.1), we get
σiCijk = 0.
Now, using Proposition 4.3, the space is Riemannian or σ is constant and this is a contradiction. 
Since the vanishing of the T-tensor means that the space is not regular Finsler space, the
following corollary shows a case in which a singular Landsberg space can not be Berwaldian.
Corollary 4.6. Under the conformal transformation (2.1), a C2-like Berwald space with vanishing
T-tensor transforms to non Berwaldian Landsberg space.
5. Examples
In this section we give different examples. The following two examples are obtained by the help
of [15]. They give simple classes of Landsberg spaces which are not Berwald.
Example 3. Let M = R3. Let F = σ(x3)F , where F defined by
F (x, y) =
√
(y3)2 + y1y2 + y3
√
y1y2 e
1√
3
arctan
(
2y3√
3y1y2
+ 1√
3
)
.
For (M,F ), we have, σrT
r
ijk = σ3T
3
ijk = 0, σrC
r = σ3C
3 6= 0, but generally T hijk 6= 0, for example,
T 1111 6= 0. Moreover, the space (M,F ) does not satisfy the condition (3.3).
Example 4. Let M = R3. Take F = σ(x2)F and F defined by
F (x, y) = σ(x2)
√
(y1)2 + (y2)2 + (y2)3 + y2
√
(y1)2 + (y3)2 e
1√
3
arctan
(
2y2√
3((y1)2+(y3)2)
+ 1√
3
)
.
For (M,F ), we have, σrT
r
ijk = σ2T
2
ijk = 0, σrC
r = σ2C
2 6= 0, but generally T hijk 6= 0, for example,
T 1111 6= 0. Moreover, the space (M,F ) does not satisfy the condition (3.3).
The following example shows the conformal transformation of non Berwald space produces a
Berwald space.
Example 5. Let M = R3. Take F = eσ(x
1,x2)F and F defined by
F (x, y) :=
4
√
((y1)2 + (y2)2)
2
+ e−2σ(x1,x2)(y3)4.
In this example G
i
jkh = 0 but G
i
jkh = −B
i
jkh. Also, Ljkh = 0 and Ljkh = −e
σ(x1,x2)FσrT
r
jkh.
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